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Abstract Let k,m, n2 be integers. Let A be a subset of {0, 1, . . . , n} with 0 ∈ A and the
greatest common divisor of all elements of A is 1. Suppose that
|A|> 1
l + 1
((
2 − k
lm
)
n + 2l
)
,
where l = k/m. We prove that if m3, or m = 2 and k even, then there exists a power of
m which can be represented as a sum of k elements (not necessarily distinct) of A.
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In [3] Erdo˝s and Freud conjectured that if A ⊆ [1, n] is a set of integers and
|A| > n/3, then there exists a power of 2 which can be written as the sum of distinct
elements of A. This conjecture was conﬁrmed by Erdo˝s and Freiman [4], and later
sharpened by Nathanson and Sárko˝zy [9], Freiman [5]. (For related topics on subset
sums of integers, the readers may refer to [2] and [8].)
On the other hand, Lev [6] proved that if A ⊆ [1, n] and |A| > n/3, then there are
at most four elements (not necessarily distinct) of A whose sum is a power of 2. This
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result is sharp since a example given by Alon (see [6]) shows that here four elements
cannot replaced by three elements. The key of Lev’s proof is the following lemma:
Let A ⊆ [0, n] and |A| 12n + 1. Then there exists a power of 2 which can be
represented as a sum of two elements of A.
For two sets A,B of integers, let
A + B = {a + b: a ∈ A, b ∈ B}
and
A − B = {a − b: a ∈ A, b ∈ B}.
Also, denote by hA the h-fold sumset of A, that is,
hA = {a1 + a2 + · · · + ah: a1, a2, . . . , ah ∈ A}.
Thus Lev’s lemma says that 2A contains a power of 2 provided that A 12n + 1.
Recently, Abe [1] extended Lev’s result as follows:
Let m2 be an integer. Let A be a subset of [0, n] with 0 ∈ A, and assume
|A| > 12n + 1. Then mA contains a power of m.
In this paper we generalize the results of Lev and Abe. A set A of nonnegative
integers is called normal if 0 ∈ A and the greatest common divisor of all elements of
A is 1. Clearly, any subset A of [0, n] with |A| > 12n + 1 is normal.
Theorem 1. Let k,m, n2 be integers. Let A be a normal subset of [0, n] satisfying
|A| > 1
l + 1
((
2 − k
lm
)
n + 2l
)
,
where l = k/m. If m3, or m = 2 and k is even, then kA contains a power of m.
Letting k = 2 in Theorem 1, one deduces that 2A contains a power of m whenever
A ⊆ [0, n] satisﬁes that 0 ∈ A and |A| > (1 − 1/m)n + 1. In fact, we have a little
stronger result as follows:
Theorem 2. Let m2 and n be positive integers. Suppose that A is a subset of [0, n]
such that 0 ∈ A and
|A|
{
(1 − 1/m)n if nm4 and m is even,
(1 − 1/m)n + 1 otherwise.
Then 2A contains a power of m.
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We notice that Theorem 2 is sharp in the sense that the lower bound cannot be
relaxed. Let m3 be an odd integer and A = {0} ∪ [ 12 (mr + 1),mr − 1] ∪ [mr +
1, 12 (m
r+1 − 1)] where r1. Then
|A| = 1
2
(mr+1 − mr) = (1 − 1/m) · 1
2
(mr+1 − 1) + 1 − 1
2
(
1 + 1
m
)
and no power of m is contained in 2A. For even m4, let A = {0} ∪ [ 12mr + 1,mr −
1] ∪ [mr + 1, 12mr+1 − 1]. We have
|A| = 1
2
(mr+1 − mr) − 1 = (1 − 1/m) ·
(
1
2
mr+1 − 1
)
− 1
m
.
To prove Theorems 1 and 2 we need the following lemma.
Lemma 3. Let m2 be an integer. Let a, b be two positive integers. Suppose that
A ⊆ [0, a], B ⊆ [0, b] and 0 ∈ A ∩ B. If
|A| + |B| > 1 + max{a, b, (1 − 1/m)(a + b)},
then A + B contains a power of m unless m = 3, a = b = 2 and A = B = {0, 2}.
Proof. Since the case m = 2 follows from Lemma 2.1 of Abe [1], below we only
consider m3. Suppose on the contrary that no power of m is contained in A + B.
Without loss of generality, we may assume that ab. Let r be the integer such that
mrb < mr+1. Since 0 ∈ A∩B, no power of m is contained in A∪B. Let A1 = A∩
[0,mr), B1 = B∩[0,mr), and let A2 = A∩(mr, (m−1)mr), B2 = B∩(mr, (m−1)mr).
Since mr ∈ A + B, {mr} − A1 and B1 must be disjointed subsets of [0,mr ], whence
|A1|+|B1|mr +1. Similarly, since mr+1 ∈ A+B, we have |A2|+|B2|(m−2)mr −1.
If a < mr , then
|A| + |B| = |A1| + |B1| + |B ∩ (mr,mr+1)|(mr + 1) + (b − mr) = b + 1,
which is a contradiction. Assume now that amr and consider three cases.
Case 1: b < (m − 1)mr . Then
|A| + |B| = (|A1| + |B1|) + (|A2| + |B2|)
 (mr + 1) + min{a + b − 2mr, (m − 2)mr − 1}
 (mr + 1) + (1 − 1/m)(a + b − 2mr) + (1/m)((m − 2)mr − 1)
< (1 − 1/m) · (a + b) + 1.
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Case 2: b(m − 1)mr and a < (m − 1)mr . We have
|A| + |B| = (|A1| + |B1|) + (|A2| + |B2|) + |B ∩ [(m − 1)mr,mr+1)|
 (mr + 1) + ((m − 2)mr − 1) + (b − (m − 1)mr + 1)
= b + 1.
Case 3: a, b(m−1)mr . Note that {mr+1}−A and B are disjoint subsets of [0,mr+1],
so |A| + |B|mr+1 + 1. On the other hand, we have
|A| + |B|  (|A1| + |B1|) + (|A2| + |B2|) + |[(m − 1)mr, a]| + |[(m − 1)mr, b]|
 (mr + 1) + ((m − 2)mr − 1) + (a + b − 2(m − 1)mr + 2)
= a + b − (m − 1)mr + 2.
It follows that
|A| + |B|  min{a + b − (m − 1)mr + 2,mr+1 + 1}
 (1 − 1/m)(a + b − (m − 1)mr + 2) + (1/m)(mr+1 + 1)
< (1 − 1/m) · (a + b) + 1 − (mr+1 − 3mr + mr−1 − 1)
 (1 − 1/m) · (a + b) + 1,
unless m = 3 and r = 0. In any case, we get a contradiction with the assumptions of
the lemma. This concludes the proof. 
Corollary 4. Under the assumption of Lemma 3, if ab(m − 1)a, then A + B
contains a power of m provided that |A| + |B|(1 − 1/m) · (a + b) + 2.
Proof of Theorem 2. By Corollary 4, it sufﬁces to prove this theorem for the case
that nm4 and m is even. Suppose that no power of m is contained in 2A. Let
r = logm n	, A1 = A ∩ [0,mr) and A2 = A ∩ (mr, (m − 1)mr). Since m is even and
r1, 2|A1|mr +1 implies that 2|A1|mr . Similarly we have 2|A2|(m−2)mr −2
and 2|A|mr+1. If n < (m − 1)mr , then
2|A| = 2|A1| + 2|A2|  mr + min{2n − 2mr, (m − 2)mr − 2}
 mr + (1 − 1/m)(2n − 2mr) + (1/m)((m − 2)mr − 2)
= (1 − 1/m) · 2n − 2/m
< (1 − 1/m) · 2n.
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And when n(m − 1)mr , we have
2|A|  min{2|A1| + 2|A2| + 2n − 2(m − 1)mr + 2,mr+1}
 (1 − 1/m)(2n − (m − 1)mr) + mr
= (1 − 1/m) · 2n − mr−1(m2 − 3m + 1)
< (1 − 1/m) · 2n.
This contradicts the assumption |A|(1 − 1/m)n. 
Proof of Theorem 1. Let k1 = k/2	 and k2 = k/2. In view of Corollary 4, to
prove that the sumset kA = k1A + k2A contains a power of m, it is sufﬁcient to show
that |k1A| + |k2A|(1 − 1/m) · kn + 2. An important result of Lev [7] asserts that if
A is a normal subset of [0, n] with n ∈ A, and l′ = (n − 1)/(|A| − 2) − 1, then we
have
|hA|
{
Bh(|A|) if h l′,
Bl′(|A|) + (h − l′)n if h l′,(∗)
where Bh(x) = 12h(h + 1)(x − 2) + h + 1. Since l = k/mk/m,
(l + 1)(|A| − 2) >
(
2 − k
lm
)
n − 2n − 2.
Thus we have l′ l. Also, it is easy to check that lk/2 by the condition that m3, or
m = 2 and k even, hence l′k/2	 = k1. Applying (∗), we obtain that |kiA|Bl′(|A|)+
(ki − l′)n for i = 1, 2. If l′ = l, then
|k1A| + |k2A|  l(l + 1)(|A| − 2) + 2l + 2 + (k − 2l)n
> l
((
2 − k
lm
)
n − 2
)
+ 2l + 2 + (k − 2l)n
= (k − k/m)n + 2.
Now suppose that l′ l − 1. Then 0 l′ < k/m. Consequently,
|k1A| + |k2A|  l′(l′ + 1)(|A| − 2) + 2l′ + 2 + (k − 2l′)n
 l′(n − 1) + 2l′ + 2 + (k − 2l′)n
= kn − l′(n − 1) + 2
> kn − (k/m) · n + 2. 
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Remark. The lower bound in Theorem 2 can be improved to |A|(1 − 1/m)n + 1/2
for odd m3, unless m = 3 and A = {0, 2}. Also, I conjecture that Theorem 1 still
holds when m = 2 and k is odd.
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